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Forces and Motions of a Flexible Floating Barrier
JEROME H. MILGRAM*

Massachusetts Institute of Technology, Cambridge, Mass.

The problems of determining the motions, the structural and the hydrodynamic forces on a
flexible, floating barrier are considered. Such barriers are frequently used as containment
devices for floating liquid pollutants such as oil. Local hydrodynamic forces on a barrier are
approximated by those for a straight barrier at angles to the waves and current equal to those
of the local section. This affords a simplification in the theory that allows a solution in
closed form to the nonlinear problem of a barrier in a current and a numerical solution for the
linearized problem of a barrier in waves. These problems are treated additively inasmuch as
the interaction effects between waves and currents on a barrier are not yet known. The de-
gree to which the barrier follows the fluid particle motion in waves is known to be particularly
important. Poor following not only leads to degradation of the barrier as a containment de-
vice, but also results in enormous forces on the barrier. Application of the method of solu-
tion for barriers to the case of a towed cable in waves is discussed. Previously unpublished
force coefficients for a two-dimensional flat plate are given.

Nomenclature (%,y,z)
b = vertical distance from the middraft to the center of mass

of the barrier
BJ — spring constant in the jth degree of freedom (XB, Yl

Cd = steady current drag coefficient
Cj = wave force coefficient in the jth degree of freedom (O-O

B,?/OJ

Cjn = Cj for waves at normal incidence
d = barrier draft (Xu

s, Y
Fh = steady horizontal hydrodynamic force per unit length (X+,Y'

normal to the centerplane of the barrier due to a a
current

F* = steady horizontal force per unit length normal to the ^
centerplane of the barrier due to tension in the curved €
barrier

Fjm = hydrodynamic force per unit length in the jth degree of ff
freedom due to motion of the barrier j j .

Fj8 = hydrostatic spring force per unit length in the jth de-
gree of freedom

Fj1 = unsteady force per unit length in the jth degree of free- w
dom due to tension in the barrier \f/j

FJW = wave force per unit length in the jth degree of freedom
k = circular wavenumber
(ij) = unit vectors in the x and y directions
L = barrier length u

n = outward unit normal to the barrier °
Rg = gap ratio: the ratio of the barrier opening width to the

barrier length
T = tension T
s = arc length parameter along the barrier ^ .f
V = current speed
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cartesian coordinate system with
the x-y plane on the position of
the undisturbed free surface and
z positive upwards

x,y coordinates of points on the
barrier

xyy coordinates of points on the
barrier in a steady current

unsteady part of (X,*,YB)
barrier end point coordinates
the angle between the direction of

wave propagation and the x axis
barrier mass and inertia coefficients
inverse tension parameter (e =

L*<r*/T*)
incident wave surface elevation

= wave surface elevation due to
barrier motion in the ^th degree
of freedom

radian frequency
barrier displacement from its mean

position in the jth degree of
freedom

barrier tangent angle
unsteady barrier tangent angle
mean barrier tangent angle
hydrodynamic force per unit length

on a straight barrier normal to a
steady current

tension parameter (T = T/ La)
hydrodynamic inertia coefficient

in the jth degree of freedom due
to motion in the Zth degree of
freedom

hydrodynamic damping coefficient
in the jth degree of freedom due
to motion in the /th degree of
freedom
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Subscripts
2 = sway
3 = heave
5 = roll about the middraft
8 = roll about the mean waterline

1. Introduction

DURING the past few years, a number of attempts have
been made to contain floating oil slicks by means of a

floating barrier. For most of these attempts, containment
could not be achieved when currents exceeded one knot or
waveheights exceeded a few inches. In order to achieve
effective containment, oil must not pass over or under the
barrier in significant quantities. Achievement of contain-
ment requires, in part, the solution and understanding of a
number of interconnected mechanical problems. The de-
tails of how wind and currents drive oil against a barrier must
be understood. Similarly, an understanding of the mechanics
of current induced oil leakage under a barrier is required.
Partial answers to these problems have been provided by
Hoult1 and Robbins.2 The forces and moments on a surface-
piercing barrier due to a current must be determined. Force
and moment coefficients for the two-dimensional case have
been determined by Robbins. Once the hydrodynamic forces
on the barrier are known, the tension in the barrier must be
determined, as this effects the dynamic response of the barrier
in waves as well as the structural design. The solution to
this tension problem is given in Sec. 2 of this paper. In the
presence of water waves, the resulting forces on the barrier
must be determined, so adequate structural strength can be
provided, and the effect of waves on oil containment must be
determined. The latter effect is extremely complicated.
The motion of the barrier and of the upper and lower surfaces
of the oil slick at the barrier must be known to determine
whether or not oil will pass under or over the barrier. In the
case of slicks on coastal waters, both currents and waves are
usually simultaneously present, further complicating the
problem.

The problems treated in this paper are those of determining
the forces on a barrier in deep water currents and waves and
the resulting barrier configurations and motions. The solu-
tions are by no means complete—much remains to be learned.
In particular, details of the effects of the interactions of com-
bined waves and currents on a barrier are unknown. Work in
this area is presently in progress, and results are expected in
the near future. For the present, the effects of waves and

currents are treated additively. Although interaction effects
on barrier forces and motions are certainly important, this
paper, which omits these effects, is intended to serve two
purposes. First, it provides a basis for initial studies on
barrier mechanics and secondly, it provides equations and
their method of solution which can be used for engineering
purposes in the design of barriers as well as for estimating the
extremes of conditions in which a given barrier can be effec-
tive.

Forces and motions of a barrier are determined here in
terms of pertinent force coefficients. Knowledge of most of
these coefficients at this time is limited to a single fluid with a
free surface. An exception is the drag coefficient of a steady
water current beneath an oil slick on a vertical plate that was
determined experimentally by Robbins.2

2. Barrier in a Steady Current

The problem considered here is that of a long barrier of
length L in the presence of a current of speed V incident upon
the barrier from the positive y direction, as shown in Fig. 1.
The barrier is assumed to be completely flexible in bending
and torsion. The origin of the xy coordinate system on the
free surface is taken as that point on the barrier where the y
coordinate is a minimum and the z axis is taken to be positive
upwards. The graph of the barrier in the xy plane is given by

y°B = /(*) (i)
One end of the barrier is at (x~~,y~), and the other is at (x+,y+).
The local angle between the x axis and the vector tangent to
the barrier is denoted by d0. The positive normal direction is
taken outward from the convex side (Fig. 1). It is assumed
that the tangential component of the local hydrodynamic force
is negligible compared to the normal hydrodynamic force, so
that the tension T in the barrier is a constant. Also, it is
assumed that the cross-sectional shape of the barrier is
constant along the length of the barrier. If a cylinder, having
this cross section and length L, has drag D when placed in a
current of speed V at normal incidence, the drag coefficient
of the barrier is defined as

Cd = (2)

where p is the density of the fluid and d is the draft of the
barrier.

It has been shown by Eames3 and Springston4 that if an
elongated body has a drag coefficient Cd when a current is
normal to its longitudinal axis, it has a normal force coeffi-
cient of Cd cos20 if the angle between the normal to the
longitudinal axis and the current direction is 6. Although
this result was determined in the absence of a free surface, it
will be used here since free surface data is not available, and
momentum transfer considerations indicate that this result
should be nearly correct with or without a free surface. Thus
the normal hydrodynamic force on the barrier, per unit length,
is given by

F* =

where

(3)

(4)

Fig. 1 Geometry for a barrier of length L in a steady cur-
rent of speed V.

The normal force, per unit length, due to the tension in the
curved barrier is

For equilibrium, Fh + F* = 0, which leads to the differential
equation

Tf" - <r[l + = 0 (6)
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which, for/(0) = /'(O) = 0, has the unique solution

f(x) = (T/a)(cosh<rx/T - 1) (7)

Thus the barrier shape is a catenary. In order to determine
the tension in the barrier, the condition that L is the arc length
of the barrier between (x~,y~~) and (x+,y+) is used. This
condition requires that

(T/La)(smhax+/T - sinners (8)

x = X~ =3 Xs

T'/La is called the tension parameter and is denoted by T.
A common case is that for which the barrier configuration

is symmetrical about the y axis. For this case

(9)
(10)

and the gap ratio Ra is defined by

Rg = 2xs/L (11)

For this case,

= i (12)
Figure 2 shows a graph of the tension parameter r as a func-
tion of Rg. Figure 3 shows barrier configurations for gap
ratios between 0>1 and 0.95 for the case of a = 45 slugs/sec.2

3. Barrier in Waves and Current

When a barrier is in the presence of waves, there will almost
always be a current with respect to the barrier. Sources of
this current are ocean currents, tidal flow, Stokes' drift due to
the waves, or the result of towing the barrier. Since the
steady force on the barrier determines its mean configuration
(Sec. 2), the effects of waves on a barrier must be considered
with the simultaneous presence of a current.

The quantities to be estimated here are the unsteady
forces on the barrier and the motions of the barrier. In
carrying out these estimations, a number of simplifying
assumptions are made. The condition considered is the
combination of a plane monocromatic wave and a current.
Linearized approximations for the wave effects are used so the
effects of an arbitrary sea state can be determined by har-
monic analysis.

The first simplifying assumption used is the neglect of the
interaction of wave and current effects. It is assumed that
the current determines the mean barrier configuration, as in
Sec. 2, and that the waves cause an unsteady motion
about this mean configuration. For the case of a plane wave,
this results in unsteady forces and motions at the wave
frequency when linearized theory is used. It is anticipated
that interaction effects will occur at the harmonics of the
wave frequency. These interaction effects are related to the
unsteady flow separation at the bottom of the barrier. A
further discussion of interaction effects appears in the Ap-
pendix.

The second simplifying assumption is that the hydro-
dynamic force per unit length acting on any cross section of
the barrier depends only on the incident wave and current
and the local position, orientation, and motion of the cross
section. This approximation allows each section of the
barrier to be treated as a section of a two-dimensional body at
an arbitrary angle to the waves as far as hydrodynamic forces
are concerned.

It is assumed that the unsteady motions are small compared
to the wavelength, so that wave effects can be determined at
the mean position of the barrier, and that the forces due to
waves and barrier motions are linear in wave amplitude and
barrier motion amplitude, respectively. In the absence of a
current, it has been shown by Drake5 that these assumptions
are valid if the wave and motion amplitudes have orders of
magnitude no larger than that of the cross-sectional dimen-

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
GAP RATIO, Rn

Fig. 2 Tension parameter r as a function of the gap ratio
JR0, as given by Eq. (12) for a barrier moored symmetrically

with respect to a current.

sions of the barrier. Linearity of the forces due to motion,
when the motion is not large compared to the barrier cross-
sectional dimensions, can be anticipated from the work of
Kuelegan and Carpenter,6 who found that this was true in the
absence of free surface effects.

The motions of the barrier will be denoted by the sub-
scripts; 2 for sway, which is the horizontal motion of the
barrier normal to its centerplane; 3 for heave; and 5 for roll
about the middraft.

The positive direction of roll is that direction in which the
upper portion of the barrier moves in the positive sway direc-
tion and the lower portion of the barrier moves in the negative
sway direction. When forces and moments are discussed in
general, they will be referred to as "forces." Inasmuch as
monochromatic waves are being considered and linearity of
the problem is assumed, all unsteady quantities will have a
sinusoidal time dependence. These quantities will be de-
noted by upper case letters and their complex amplitudes will
be denoted by corresponding lower case letters. The time
dependence will be taken as e™1 and the real part operation
will be implied in all complex expressions containing the time
symbol t. As an example, a general quantity Q depending on
space and time is represented as

(KM) = (13)

c2, c3, and c5 are the three complex wave-force coefficients
where the complex amplitudes of the sway and heave forces
per unit length on the barrier due to the wave are given by

f"i(*) = (Tr/2)r,(s)Ci(s)pdW j = 2,3 (14)

and the roll moment per unit length due to the wave is given
by

where rj(s) is the complex amplitude of the incident wave.
The motion of the barrier in one of its degrees of freedom

will, in principle, result in hydrodynamic forces in all three
degrees of freedom. However, only barrier cross sections
that are symmetrical about their centerplanes will be con-
sidered, so that the cross coefficients between heave and other
degrees of freedom are zero. The fluid forces on the barrier
will be divided into zero frequency (hydrostatic) effects plus
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frequency dependent effects, where the zero frequency effects
are called " spring constants.'7 Because of the assumed sym-
metry of the barrier sections, all cross spring constants are
zero. The sway spring constant is zero, the heave spring
constant is called Z?3, and the roll spring constant is called #5,
where the associated heave force per unit length is

(s,t) (16)

and the associated roll moment per unit length is

F,*(s,t) = -(7r/4)p^3B5^5(S,0 (17)

^2 is the unsteady sway displacement normal to the center-
plane, ^3 is the unsteady heave displacement, and SJ>5 is the
unsteady roll angle.

The frequency dependent force in the yth degree of freedom
due to motion in the Ith degree of freedom has a component
whose phase is opposite to the phase of the acceleration and a
component whose phase is opposite to the phase of the
velocity. Thus the complex amplitudes of the frequency
dependent forces per unit length on the barrier, as a result of
its motion, can be expressed as

/2m = (7T/2)pd2C02(/Z22 - ^22)^2 +

(7r/2)pd3o;2(M25 -

/3- = (7r/2)pd2co2(M33 - ^33)^3

(7T/4)Pd4C02(M55 -

(18)

(19)

(20)

IJiji is called the inertia coefficient in thejth degree of freedom
as a result of motion in the Ith degree of freedom, and Vji is
similarly called the damping coefficient.

Knowledge of the coefficients JJLJI and Vj\ for bodies with
sharp lower edges presently exists for only a few cases in the
absence of a steady current and knowledge of GJ only exists for
a few such cases in the absence of a steady current and with the
direction of wave propagation normal to the centerplane of
the barrier. These coefficients, insofar as they apply to
barriers, are given in the Appendix.

The only force acting on a section of the barrier that has
not yet been considered is that due to the combined effect of
tension and barrier displacement. The roll moment due to
the combination of tension and barrier twist depends on how
the tension is carried by the barrier. Frequently, the tension
is carried in a strength member near the barrier middraft.
This case, which is the one considered here, results in zero roll
moment about the middraft because of the combination of
tension and twist.

Sway and heave forces occur from the combination of
tension and barrier curvature. The sway force is considered
in detail. Here, s is the arc length parameter along the
barrier, and points on the barrier are given by [XB(s,t),
Y*(s,t)]:

X*(s,t) = CS
J So

Y*(s,t) = YB(s0,t)

(21)

(22)

Let 9, the local barrier tangent angle, be decomposed into a
mean value ti0(s) and an unsteady component 6u(s,t) :

= eo(s) (23)

Bo is the tangent angle of the barrier due to the current and is
obtained from Sec. 2 as

Bo — t&n~l(df/dx) (24)

The complex amplitude of the unsteady horizontal force
normal to the barrier due to the tension T is

T is taken as constant in time, which is the case if the longi-
tudinal elasticity of the barrier is large. It is assumed that
Ou <3C 1 so that linearization in Bu yields

X*(s,t) = CS cosd0(s')ds' - f*0«(s',0 X
J So J So

$ind0(s')ds' + XB(8o,t) (26)

Y*(s,t) = CS sm60(sf)dsf + C* Qu(s',t) X
J So J So

co$do(s')ds' + Y*(80,t) (27)
The horizontal unit vector normal to the mean position of the
barrier centerplane is

= I sin00(s) — j cos0<> (28)

Thus ^2(5), the complex amplitude of the unsteady deflection
of the barrier in the direction of n, is

= -Sin00(s) I 6u(s') smd0(s')dsf -

) f * 6u(sf) cos60(s')ds' -
J So

Oy«*(*o) (29)
XU

B and yu
B are the complex amplitudes of the unsteady parts

of XB and YB. Differentiating this expression twice with
respect to s gives

d6u/ds = -d2fa/ds2 + (d2Bo/ds2)(ds/dB0) X
(d\l/2/ds + Bu) - \f/2(dB0/ds)2 (30)

From the results of Sec. 2,

dBo/ds = (<T/T)/cosh2ax0
B/T (31)

and

d2B0/ds2 = —2((T/T)2($inhax0
B/T)/(cosh*(TX0

B/T) (32)

To consider Eq. (32) in terms of dimensionless quantities, let

^i = L$i (33)

XO
B = Lx0

B (34)

s = Ls (35)

1/r2 = e (36)

Then from Eqs. (30-36),

(dfa/ds + 8U) - (37)

The conditions of € = 0 corresponds to mean configuration of
a straight line for which case Eq. (37) collapses to the usual
equation for the linearized curvature. It is assumed that for
values of e encountered, $2 and $u can be represented by ex-
pansions in powers of e

e20«<2> (39)

Eq. (37) is satisfied by Eqs. (38) and (39) and the following-
set of equations :

(40)
- fa^ (41)

+ . . . (42)

= -T(dBu/ds) (25)
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The complex amplitude of the sway force per unit length
as a result of tension can be expanded as

A' = - (43)
y-o

All of the sway forces on the barrier have now been identified.
It is anticipated that retaining only the first one or two terms
in expansions in powers of e will yield accurate results when e
is small. Figure 2 indicates e is small when the gap ratio is
large. Just how small e must be for results to be accurate can
only be determined by calculating the contributions to the
solutions by a few powers of e.

The nondimensional mass and inertia constants for the
barrier, related to its own mass distribution, are denoted by
Pa. In particular, (ir/2)pd2 022 is the mass per unit length of
the barrier, (?r/4)pd4 055 is the moment of inertia per unit
length of the barrier (7r/2)pd3 025 is the linear acceleration of
the center of mass of a section of the barrier as a result of unit
angular acceleration about the middraft, and (7r/2)pd3052 is
the angular acceleration of the center of mass with respect to
the middraft due to unit linear acceleration in sway. A well-
known result from rigid body mechanics is that

025 = 052 = fab/d (44)

where b is the distance of the center of gravity above the mid-
draft. Naturally,

022 = 033 (45)

The equations of sway motion for zero and first order in e
can then be constructed as

where ^5 is expanded as

and

The equations for roll motion are determined simply as

and

^ (46)

(47)

(48)

(49)

(50)

d[u65 + 055 -

From Eqs. (46) and (50)

= 0 (51)

, *22 ~~ *"22 ~~
052 - JVB2)(Uto + 025 , (Q) =

X

, x / x (^25 + 025 — iVto) ~]
Ca(«) - CB(S) :————5———(~T13) p ——^

(^55 + 055 - 0/C02d £5 - ^^55)J

and from Eqs. (47) and (51)

^ + M?^![M2 + /5

025 ~

055 -
X

(53)

In solving these equations, Eq. (52) is to be solved first for
^2

(0). With i//2(0) known, Eq. (53) can be solved for ^2<«.
Next, with ^2

(0) and ^2
(1) known, Eq. (50) can be solved for

^5
(0), and Eq. (51) can be solved for ̂ 5

(1).
In solving Eq. (52), let

2(^5 025 ~

055 -
and

T

025

055 — {#/C02d}05 ) J

Hence,

(55)

(56)

This is the inhomogeneous Helmholtz equation with the
wavenumber, ^f2, being a complex constant. At least one of
the two solutions of the associated homogeneous equation
grows exponentially in s. For this reason, a step-by-step
numerical integration of the coupled equations for surge and
roll cannot be used as a method of solution because roundoff
errors will result in incorrect numerical divergence. There-
fore, a numerical solution will be found by use of a Green's
function satisfying

= 8(8 - s') (57)

where Gi satisfies the same boundary conditions at the ends of
the barrier as does i^2(0). The usual physical condition at an
end of a barrier is that the barrier is connected to an anchor or
a vessel by a long rope or cable. Under the assumption that
the hydrodynamic force on the connection cable is small com-
pared to the hydrodynamic force on the barrier, the boundary
conditions at the ends of the barrier are

8 = L = 0 (58)

The Green's function satisfying Eqs. (57) and (58) with
replaced by G is

1
2f2(l - ,

X

(59)

where f 2 is the square root of f 2
2 that has a negative real part.

The solution for ̂ 2
(0) is then given by

(60)

Once ) is known, i ) can be found from
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Fig. 3 Barrier cross section used for the sample calcula-
tions.

With ^2
(0) and ^2

(1) known, the solutions to Eqs. (50) and (51)
are

- 2(M52 + fla - t

and

-2[w52 + 1852 -

(62)

-/-I (63)

For heave motions, the vertical forces are the wave force
FSW, the "spring force" Fa8, the motion force Fsm, and the
force due to tension in the barrier F3* where

(64)

(65)

(66)

(67)

Thus the equation for heave motion is

where

and
MS) = -(<jr/2)n(s)c3(s)pdW/T

The solution to Eq. (65) is
L Ms')G*(s,s')ds' (68)

where .G*(s,sf) is given by Eq. (60) with (r2 replaced by G3 and
f 2 replaced by f 3.

Equations (60-63) and (68) are the approximate solutions
for the barrier motions including two terms in the expansions
for sway and roll motion in powers of e. To obtain solutions
in numerical form, values of the various parameters in the
equations are required. Very little work has been com-
pleted in determining inertia, damping, and wave-force
coefficients on barriers that are moving or are oblique to the
wave direction. The Appendix gives some estimates of the
coefficients for typical barriers in which the effects of the
current on the coefficients are neglected.

4. Calculations

The motions of a barrier can be obtained by the straight-
forward numerical evaluation of Eqs. (60-63) and (68). In
addition to the barrier motions, the difference between the
wave elevation and the barrier heave, which is called the
heave displacement difference, and the normal component of
horizontal wave particle velocity relative to the swaying
barrier, called the sway velocity difference, are of interest as
they are related to the effectiveness of the barrier as a
containment device. The complex amplitudes of these
quantities can be obtained by subtraction of the appropriate
complex amplitude of the barrier displacement or velocity
from that of the wave. For structural purposes, the normal

structural force as a result of tension in the barrier per unit
length, F^t is especially important because it can become quite
large. Since the mass of most barriers is small compared to
the added mass in sway, Eqs. (46) and (47) show that F2* is
very nearly equal to the negative of the unsteady horizontal
hydrodynamic force per unit length on the barrier.

Wave and motion force coefficients, spring constants, and
barrier mass and inertia depend on the geometrical details of
the barrier so that it is impossible to present any general
quantitative results. However, a number of qualitative
aspects of barrier forces and motions are common to a wide
variety of barriers.

In order to demonstrate a few of these common aspects,
calculations for a single barrier geometry are presented here.
The barrier chosen has a length of 1000 ft and is comprised
of a half-immersed cylinder with a one-foot radius above a
flat plate having a height of two feet, thus giving a draft of
three feet as shown in Fig. 3. The barrier is taken to be
moored symmetrically with respect to the current direction
so that Eqs. (9) and (10) hold. Wave propagation is chosen
in the same direction as the current.

For the cross section chosen:

and
= 4/3ir = 0.425

(69)

(70)

Arbitrarily choosing the position of the center of mass to
be at the middraft and the radius of gyration to be one foot
gives

and

355 = 0.0247

026 = 0.0

05 = 0.233

From the results of Robbins,2

Cd = 1.5

(71)
(72)

(73)

(74)

Figure 4 shows the barrier configuration in a steady current
[Eq. (7)] as well as the tension in the barrier [Eq. (12)] for
various gap ratios for p = 2 slugs/ft3 and V = 3.16 fps
(cr = 45 slugs/sec2).

Values of ju22, ^22, ^25, ^25, MSS, ^55, c2, and c5 are taken as those
for a flat plate as given in the Appendix. /z33 and *>33 for a
floating circular half cylinder are given by Porter.7 c3 is then
determined by applying the Haskind8 relations to Porter's
results. Table 1 lists these coefficients.

0.50

0.40-

0.30-

JL
L

0.20-

0.10-

0.50

Fig. 4 An example of steady barrier configurations for
various gap ratios for the case of r = 45 slugs/sec2. Note
the large tensions associated with large values of the gap

ratio.
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Table 1 Coefficients for barrier used in calculations

kd
0.05
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
1.0
1.5
2.0
3.0
4.0
5.0

M22

1.050
1.104
1.233
1.369
1.471
1.475
1.336
1.108
0.806
0.401
0.106
0.084
0.128
0.176
0.214

^22

0.005
0.020
0.085
0.214
0.420
0.710
1.007
1.190
1.249
1.121
0.600
0.451
0.244
0.120
0.099

M55

0.071
0.074
0.079
0.081
0.082
0.082
0.080
0.078
0.075
0.070
0.057
0.049
0.040
0.036
0.029

»55

0.0003
0.0006
0.0013
0.0037
0.0086
0.016
0.024
0.029
0.036
0.039
0.035
0.031
0.027
0.026
0.019

M25

0.083
0.091
0.110
0.129
0.140
0.139
0.135
0.118
0.084
0.039

-0.010
-0.023
-0.033
-0.034
-0.035

»25

0.001
0.003
0.009
0.018
0.033
0.060
0.118
0.142
0.146
0.143
0.108
0.081
0.05
0.039
0.027

M33

0.327
0.274
0.194
0.137
0.090
0.110
0.103
0.097
0.092
0.083
0.071
0.066
0.067
0.071
0.122

^33

0.260
0.241
0.212
0.193
0.175
0.161
0.149
0.138
0.130
0.115
0.090
0.070
0.045
0.028
0.017

«
0.734
1.030
1.470
1.796
2.071
2.319
2.540
2.746
2.933
3.277
4.020
4.638
5.675
6.545
7.323

Cs
1.04
1.08
1.16
1.23
1.31
1.35
1.33
1.24
1.12
0.85
0.44
0.27
0.13
0.08
0.05

arg(C2)

1.560
1 . 555
1.505
1.416
1.286
1.116
0.923
0.732
0.565
0.327
0.090
0.028
0.003
0.001
0.000

c.
0.16
0.16
0.20
0.23
0.26
0.28
0.29
0.27
0.27
0.22
0.14
0.10
0.06
0.05
0.03

arg(C6)
1.560
1.555
1 . 505
1.416
1.286
1.116
0.923
0.732
0.565
0.327
0.090
0.028
0.003
0.001
0.000

C3

8.14
3.94
1.84
1.17
0.836
0.640
0.515
0.424
0.361
0.271
0.249
0.145
0.085
0.051
0.033

arg(C3)

0.01
0.03
0.07
0.11
0.14
0.18
0.22
0.26
0.29
0.37
0.56
0.74
1.12
1.49
1.89

Determination of the coefficients in the manner described
above neglects the roll moment on the cylinder due to the
waves. Garrison9 has calculated wave moments on a plate
lying on the surface. For the barrier considered here, the
wave moment on a surface plate as wide as the cylinder
diameter, is small compared to the wave moment on the
vertical part of the barrier. Hydrodynamic interactions be-
tween the effects of the vertical part of the barrier and the
buoyant part have not been accounted for. However, the
coefficients obtained above should be representative of those
for a barrier cross section very similar to that shown in Fig. 4.

Figure 5 shows the complex amplitude of the roll and sway
motions along the barrier as well as the sway velocity dif-
ference and the mechanical force/2* for kd = 0.4 and Ra = 0.6.
The similarity in the shape of the curves for the roll amplitude
and for the sway velocity difference should be noted. Analy-
sis of Eq. (62) and the coefficients in this equation indicates
that this similarity should occur for small values of kd. This
indicates the importance of cross-coupling between sway and
roll in determining the roll motion. As indicated in the
figure, ^2(1) and ^5(1) are negligibly small in this example.

Figure 6 shows the complex amplitudes of the heave mo-
tion \f/z and the heave displacement difference. An important
error occurs here due to the fact that the immersed shape of
the buoyant cylinder changes when the displacement differ-
ence is not equal to zero. In fact, if the displacement differ-
ence were as shown in the figure, the cylinder would be
totally submerged over part of each wave cycle and be totally
above the surface over a different part of each wave cycle over

most of the barrier in moderate seas. This submergence or
rising above the surface does not occur over all parts of the
barrier simultaneously, but travels in waves along the barrier.
Because of the error introduced here by the assumption of
small waves and motions, heave results can only be inter-
preted qualitatively when the heave displacement difference
is not small.

Figure 7 shows the maximum complex amplitudes of roll
angle, the sway velocity difference, the heave displacement
difference and the horizontal mechanical force /' for Rg = 0.6
as functions of kd. Of special importance is the fact that /*,
which is very nearly equal to the complex amplitude of the
unsteady hydrodynamic force per unit length on the barrier
(see Sec. 3), can be an order of magnitude larger than the
steady current force on the barrier under conditions in which
barriers are normally used.

Figure 8 shows maximum values of the roll angle, the heave
displacement difference, the sway velocity difference and fa* as
functions of the gap ratio for Rd = 0.4. The results of this
figure indicate that if kd = 0.4 for the dominant waves, Ra
should be set between 0.4 and 0.45 for optimum operation of
the barrier.

5. Discussion

The numerical calculations of Sec. 4 indicate a number of
generalities about floating barriers. If a barrier is to operate
as an effective containment device, it is desirable that it follow
the horizontal motion of the fluid particles normal to itself to

\
MAXIMUM VALUE OF -|- l^s'V^j

MAXIMUM VALUE OF l^'V-n
i 1 r i ! ! 1 '

1 0

0
0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

Fig. 5 Roll and sway motion, sway velocity difference,
mechanical force magnitudes on the barrier used for sam-
ple calculations; kd = 0.4, Rg = 0.6, a = x/2 (waves

propagating in the same direction as the current).

IHEAVE DISPLACEMENT
DIFFERENCE 7771

0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 100
' s_

L

Fig. 6 Heave motion and heave displacement difference
magnitudes on the barrier used in the sample calculations;

kd = 0.4, Rg = 0.6, a = - 7T/2.
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kd

Fig. 7 Maximum values of the magnitudes of heave dis-
placement difference, sway displacement difference and
horizontal mechanical force on the barrier as functions of
kd for Rg = 0.6. This figure was made by determining the
values of the various quantities along the barrier at numer-
ous values of kd. Then the maximum values of each
quantity were plotted. Because of the wave-like charac-
ter of the quantities, the maxima occur at different posi-
tions on the barrier for different values of kd. Any maxi-
mum occurring nearer the end of the barrier than L/20

was disregarded.

avoid high relative fluid velocities that could sweep the ma-
terial being contained over or under the barrier. Figure 5
indicates other reasons for attempting to achieve good sway
response. Roll motions tend to follow the relative sway
velocity and since containment failure can be caused by large
rolling, it is desirable to minimize the roll. High relative
sway velocities also lead to high horizontal unsteady hydro-
dynamic forces on the barrier. Figures 5 and 7 indicate that
these forces can be much larger than the steady current forces
in usual currents. An assumption for this work is that the

max[l SWAY VELOCITY
DIFFERENCE/Ti l ]

ax [I HEAVE DISPLACEMENT
DIFFERENE/7]!

0.™ 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
GAP RAT IO , Rg

Fig. 8 Maximum values of the magnitudes of roll angles,
heave displacement difference, sway velocity difference and
horizontal mechanical force on the barrier as functions of
Rg for kd = 0.4. This figure was made in the same manner

as Fig. 7, but with kd held fixed and Rg being varied.
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Motion coefficients of a flat plate for sway and roll
about the waterline as given by Kotik.11

barrier tension is constant. If in fact the tension increases
when the barrier is extended longitudinally, the sway response
will be degraded. In the case of long crested seas of large
wavelength, a single wave affects almost the entire barrier at
any given time. In this case, barrier compliance can be
provided in its end attachments. However, in short crested
confused seas, the compliance must be distributed throughout
the barrier which, from the standpoint of design, is much more
difficult to achieve. Since perfect sway response is impossible
to achieve and the forces caused by relative unsteady sway
velocity are so large, barriers must be much stronger than the
forces caused by a steady current indicate if they are to sur-
vive in the presence of waves.

Effective containment with a practical barrier is dependent
on the barrier following the vertical surface elevation in the
waves, i.e., the heave displacement difference must be small.
Otherwise, the barrier must have a large vertical plate above
the waterline as well as being extraordinarily deep. The in-
creased depth would raise the tension, which in turn impedes
sway response. The heave response, considered as a function
of kd, is resonant with a maximum at that value of kd where
the real part of /3TO is exactly opposite to /3S. The frequency
associated with this value of kd will be called the natural
frequency. In the absence of damping effects, free oscilla-
tions in heave would not occur exactly at the natural fre-
quency here because of the effect of the barrier tension force
/3*. However, this restoring force is significantly less than the
spring force /3S for most practical barrier configurations so that
free oscillations in heave in the absence of damping would oc-
cur at a frequency nearly equal to the natural frequency.
As with any resonant system, accurate following of the surface
elevation can only occur when the significant wave frequen-
cies are much less than the natural frequency of the barrier in
heave. This yields the design condition that the natural
frequency of the barrier in heave should be as high as possible.
This implies that the spring constant B% should be large and
the barrier mass #33 and the added mass in heave £t33 should
be small. Altering a barrier configuration so as to increase
B3 causes rather large increases in /z33. Therefore, it is neces-
sary to make the barrier as light as possible and then find a
configuration for the buoyant part that maximizes the natural
frequency in heave.

The roll response is also resonant, and in the case considered
here where there is no roll restoring force due to barrier ten-
sion, the roll response is exactly that of a second-order system.
As was the case with heave, effective containment requires
that the natural frequency in roll be much larger than the
significant wave frequencies.

The problem of determining barrier motions in the presence
of waves and currents is almost identical to the problem of
determining the motions of a long towed cable in waves.
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The only significant difference is that the cable problem has
the added difficulty of a variation in tension along the cable.
Attempts at solution of the cable motion problem by direct
numerical integration frequently fail because of a divergent
characteristic solution to the equation of motion. The basis
for this divergent solution is shown here in Sec. 3 for the
case of constant tension. The method of solution used here
avoids the difficulties of numerical divergence and could be
used in the cable problem. However, the Green's Function
for the cable problem is not only more complicated than that
of the barrier problem [Eq. (59) ], but it cannot be specified a
priori because it depends on the distribution of tension in the
cable. A simplified method of solution to the cable problem
in some cases could be obtained by exploiting the fact that
cables are often used to tow a body that has a large drag.
For these cases, the tension is a slowly varying function of
distance along the cable. Also, the steady-state curvature of
the cable is small so that the unsteady curvature of the cable
is accurately approximated by

curvature = d^/ds2 (75)

where f is the complex amplitude of the cable displacement.
Let the tension be given by

T = T«» + eT^

and assume that f can be expanded as

f = r(o) + *r(i) +

(76)

(77)

The complex amplitude of the normal force due to tension is
then

] + . . . (78)

Solution of the equation of motion in each power of e can
be carried out by the use of the Green's function given by Eq.
(59). In fact, the solution for £(0) is exactly the same as the
solution for i^2(0), given in this paper by Eq. (60). The £(n)'s
can be sequentially determined by Eq. (60) with (r-2(0) ap-
propriately altered.

Appendix: Wave and Motion Force Coefficients
for a Barrier in Waves and Currents

The approximate theory developed in Sec. 3 requires
specification of the inertia, damping, and wave-force coeffi-
cients for a long, straight section of barrier at an arbitrary
angle to the waves in the presence of a current. Essentially,
no work on the problem of determining these coefficients has
been completed at this time. In most cases, data only exists
in the absence of a steady current with wave-force coefficients
available for a section of barrier with its centerplane normal
to the wave direction. The neglect of the effect of the cur-
rent results in neglecting the effect of the current on the wave
encounter frequency. This effect is truly negligible in most
barrier calculations because the phase velocity of the waves of
interest is an order of magnitude larger than the current
velocities usually encountered. An effect causing more con-
cern is that of flow separation near the lowest extremity of the
barrier, since most barrier configurations have a sharp lower
edge. It has been shown by Keulegan and Carpenter6 that
the effects of flow separation on forces are strongest when fluid
particles travel distances that are large compared to cross-
sectional body dimensions between times at which the flow
direction reverses. In the absence of a current, the flow direc-
tion reverses twice during each wave period. However, in
many cases the current velocity is of the same order of
magnitude as the fluid particle velocity due to the wave, so
that horizontal velocity reversals may not occur. This
effect appears to be the largest possible source of error in ne-
glecting the effect of the current on the force coefficients.

PHASE IS LEAD OF FORCE WITH RESPECT
TO SURFACE ELEVATION

0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 4.4 4.8
kd

Fig. 10 Wave sway force coefficient on a flat plate, C2.

Most barriers are comprised of a thin, vertical member
which serves as most of the barrier, with flotation attached
near the upper portion of the barrier and ballast near the
lower portion. For structures of such a cross section, the
sway and roll force coefficients can be approximated by those
for a flat plate of the same draft. Ursell10 has analyzed the
fluid motion generated by a surface-piercing, two-dimensional
plate rolling about an arbitrary horizontal axis. Kotik11 has
used the results of this analysis to determine the damping-
coefficients vw(kd) and v&(kd). He also determined the
inertia coefficients ^(kd) and idss(kd) by application of the
Kramers-Kronig relations to the damping coefficient func-
tions. The subscript 8 refers to roll about the waterline.
For an explanation of the Kramers-Kronig relations, see
Ogilvie.12 These coefficients are shown in Fig. 9.

Formulae for the above coefficients, as well as for ju2s, MSS,
p>2», and *>82, were determined by Haskind13 through a method
of analysis quite different than that used by Ursell.10 Evalu-
ations of Haskind's formulae have not yielded satisfactory
results, and his work is currently under study.

The wave-force coefficients c^(kd) and cs(kd) can be de-
termined in terms of v^(kd) and v&(kd) by means of the
Haskind relations and knowledge of the far-field wave phase
resulting from appropriate motions of the plate (see, e.g.,
Newman8).

If the rest position of the centerplane of the plate is at
x = 0, and the plate performs a motion in its ,/th degree of
freedom having the time dependence ei(ai, the surface elevation

— °° will be of the form

]imNj(x,t) = (Al)

(A2)

Since deep water waves are being considered,

w2 = kg

The far-field wave phase 8j(kd) is defined as

tided) = ArgVi (A3)

The Haskind relations8 yield

, j = 2,3 (A4)

, j = 5,8 (A5)

where c3-n is the coefficient for normal incidence of the wave.
Values of & and & are given by Kotik.11 c2 and CB, as de-
termined from Eqs. (A4) and (A5) are shown in Figs. 10 and
11.

The force coefficients about the middraft are obtained as
follows. For an incident wave of half amplitude 77, the surge
force is

2i?c2"e«w« (A6)
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Fig. 11 Wave roll moment coefficients on a flat plate
and c«.

and the roll moment about the waterline is
277C8V< (A7)

c2 and c8 are known (Figs. 10 and 11). The roll moment about
the middraft is

z» + c8»)e*" (A8)

Thus, fromEqs. (14) and (A7),

cs
n(kd) (A9)

c$n(kd) is shown in Fig. 11.
Vte(kd) has been obtained from c5

w by the Haskind relation,
Eq. (A5) , and is shown in Fig. 12.

In order to determine JJL&J the Kramers-Kronig relations12

will be used in the following form :

(A10)

Since v&(kd) is known from Eq. (A5), n®>(kd) can be de-
termined from Eq. (A8) if jU55(°°) 'is known. For a plate
rolling about its middraft with angle ^5 = fae™1, the high
frequency limit for the velocity potential on the plate can be
shown to be

y < 0 (All)

(A12)

lim fc(z) = -(i/nOwiM
«— »-oo

d log[d + (d* - 22)^]/[-2]}e»«S -d/2
The pressure on the plate is given by

lim jit55 is given by
W-^oo

lim M55 = - f ° (z + d/2)\P6(z,t)\dz (A13)
J — <*

Carrying out the indicated integration gives

M55(°°) = i - 2/7T2 = 0.04736 (A14)
Using this result, ^(kd) wasfoundfromEq. (A10) by means
of a digital computer program and is shown in Fig. 12.

Now the. cross-coupling coefficients ^25, *>25, ^52, and j>52
can be determined. This is done by means of a consideration
of a rolling motion of the plate about the mean waterline as
shown in Fig. 13. The motion is

^s = t*eia}t (A15)

This results in a roll moment about the waterline of
/8n « -(

The motion given by Eq. (A15) can be constructed from roll
about the middraft plus sway (Fig. 13). The roll about the
middraft is

and the sway is

^2 =

The sum of these two motions results in a sway force of

(A17)

(A18)

(A19)

2l//8(M55 ~ ^55) (A20)

This force and moment can be resolved about the waterline,
giving

and a moment about the middraft of

(^55 — ^55) — (M25 — ^25) — (^52 — ^52)] (A21)

It has been shown by Haskind13 and Newman and Timaim14

that

M52 = M25

and

Therefore,

(M55 - ivn) - 2(^25 - i

Comparison of Eq. (A21) with Eq. (A24) yields

(A22)

(A23)

(A24)

(A25)

0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 4.4 4.8

(A16)
Fig. 12 Motion coefficients for a flat plate rolling about

its middraft.
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and

(A26)

and v^(kd) are shown in Fig. 14.
Figures 10 and 11 give the wave-force coefficients for sway

and roll for waves having normal incidence. Because of a
lack of knowledge of these coefficients for oblique incidence,
an approximation based on the coefficients at normal incidence
is used. The approximation recommended is

- a), j = 2,3,8 (A27)

where a is the angle between the direction of wave propaga-
tion and the x axis. There are a number of reasons for this
choice of an approximation. To the extent that fluid forces
depend only on local wave particle velocities normal to the
barrier, the approximation is exact. Also, the approximation
is correct for the angle between the propagation vector and
the normal to the barrier being any integer multiple of ir/2
rads.

Values for the heave-force coefficients JJLM, 1/33, and c^ depend
on the geometrical details of the barrier and must be de-
termined for each particular case. ju3s and i>33 for a number of
two-dimensional cylindrical forms are given by Porter.7 He
also gives ds(ka) for a circular cylinder as does Ursell,15 so that
€3" can be determined from the Haskind relation [Eq. (A4) ].

The vertical wave force on a flat plate lying on the surface
(finite dock) in oblique waves has been determined theoreti-
cally by Garrison.9 He found that the heave force was es-
sentially independent of wave incidence angles for departures
from normal incidence less than 75° and values of k times the
plate width less than 0.4. For the barrier used in the exam-
ples of Sec. 4, the width of the waterline was one-third of
the depth. If the independence of surge force on incidence
angle found for the plate lying on the surface applies to buoy-
ant bodies of the same waterplane width, wave heave forces
on the barrier in the examples would be independent of angle
for kd less than 1.2. This includes all waves of interest.
Garrison's results are quite reasonable since most of the heave
force on a body in long waves is a result of simple buoyancy
when the water level changes in a wave. For these reasons
the recommended approximation for c3 is

= C3
n (A28)

Fig. 13 Motion of a plate used for a determination of the
cross-coupling coefficients between sway and roll. The
roll motion about the waterline shown in the left diagram
can be represented as the sum of the roll motion about the
middraft shown in the center diagram and the sway shown
in the right diagram. The waterline is at Z = 0 and the

plate has draft d.
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Fig. 14 Hydrodynamic cross-coupling coefficients be-
tween sway and roll.
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